Entanglement detection with bounded reference frames 



Fabio Costa,''^ Nicholas Harrigan,^ Terry Rudolph,^'"* and Caslav Brukner'"^ 

'institute for Quantum Optics and Quantum Information, 
Austrian Academy of Sciences, Boltzmanngasse 3, A-1090 Vienna, Austria 
^Faculty of Physics, University of Vienna, Boltzmanngasse 5, A-1090 Vienna, Austria 
^Department of Physics, Imperial College London, Prince Consort Rd, London SW7 2BW 
''Institute for Mathematical Sciences, 53 Princes Gate, Exhibition Rd, London SW7 2PG 

(Dated: December 14, 2009) 

Quantum experiments usually assume the existence of perfect, classical, reference frames, which allow for 
the specification of measurement settings (e.g. orientation of the Stern Gerlach magnet in spin measurements) 
with arbitrary precision. If the reference frames are "bounded" (i.e. quantum systems themselves, having a finite 
■ number of degrees of freedom), only limited precision can be attained. Using spin coherent states as bounded 

' reference frames we have found their minimal size needed to violate local realism for entangled spin systems. 

^ For composite systems of spin- 1/2 particles reference frames of very small size are sufficient for the violation; 

however, to see this violation for macroscopic entangled spins, the size of the reference frame must be at least 
quadratically larger than that of the spins. Unavailability of such reference frames gives a possible explanation 
for the non-observance of violation of local realism in everyday experience. 
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The Kochen-Specker test of contextuality ^ and Bell's test of local realism |2] provide theory-independent tests of the 
"classicality" of a system. In the latter, correlations between space-like separated parts of a composite system are measured 
for different choices of measurement settings. Certain combinations of these correlations constitute "test quantities" (Bell's 
inequaUties) that are bounded in all classical (local reaUstic) theories. Violation of these bounds imply that the tested state 
has no local realistic explanation. Typically, the choices of the settings correspond to different orientations of the measuring 
apparatuses (like a polarizer or the Stern-Gerlach magnet). This implicitly assumes the existence of an external (classical) 
reference frame (RF), which allows one to specify with arbitrary precision the directions chosen. But, what if no RF is available? 
^ The impossibilityof specifying measurement settings precisely, in the absence of a perfect RF, leads to a kind of "intrinsic 
decoherence" |l3l|j,|5|l that might wash out all quantum features. What are the minimal RF resources such that quantum features 
of a given system can still be observed? 
, If we adopt the natural assumption that physical resources in the universe are finite, we will always be confronted with 
■ bounded RFs. Physically, this means that our measurements will always be imprecise. It is of fundamental interest to determine 
' the minimal measurement precision required such that one can still observe genuine quantum features, such as contextuality 
CO or violation of local realism (see, for example, In addition to these foundational reasons, the questions given above 

are relevant for developing methods to contend with bounded RFs using relational encoding, particularly in the context of 
computation, cryptography, and communication iH HI [l^ [HI [13, [HI] . For certain tasks, such as quantum key distribution [T^ 
CnI or quantum communication complexity 1 15], entangled states are useful only to the extent that they violate Bell's inequalities. It 
is thus important to quantify the costs in RF resources for the violation. 

To introduce the idea of measuring relative degrees of freedom in the situation of lacking an external RF consider the problem 
of determining the direction towards which a spin- 1/2 particle points. In general the direction can be defined as a relative angle 
to some macroscopic pointer (e.g. the Stern-Gerlach magnet), which serves as an external RF. Performing many repetitions of 
the Stern-Gerlach experiment with the same spin state, we can infer this angle. If we are given two spin- 1/2 particles, one can 
^ determine the relative angle between them, by first measuring the angles between each of the spins and the external RF and 
from these computing the relative angle. Now suppose that the experimenter has no access to such an external Cartesian RF; 
operationally, this means that she has no information about her orientation with respect to the rest of the world (but she can 
still control all the devices in her laboratory). In particular, the angles between her instruments and those used to prepare the 
particles are not known and may change in every repetition of the experiment. Nonetheless, the relative orientation between the 
two spins can be measured in a manner which is invariant under rotations. If she measures the total spin of the two particles, 
this can take the values and 1. Now we are tempted to say that the two spins add when they are aligned and subtract when 
they are anti-aligned, and so we can interpret this as the measurement of the projection of the first spin along the direction of the 
second. This procedure leads unavoidably to errors: e.g. if the spins were initially in the state \\f/^) - -^i\z+)\z-) + 
then a measurement on each particle with respect to an external RF along z would imply that they are anti-aligned along this 
direction. However, the measurement of total spin is interpreted as if they were aligned, because the total spin of is 1. 
As this procedure is proven to be optimal 116], there is a fundamental restriction in the determination of the relative angle 
between two (finite) spins that the experimenter can achieve in absence of an external reference frame. One can apply the same 
procedure using a spin- j coherent state as the RF; as j becomes larger, the errors introduced decrease and, eventually, for j — > oo 
(unbounded RF) the measurement with the classical RF is exactly reproduced ] 17]. 

In this work we determine how "strong" RFs need to be to allow violation of Bell's inequalities. In the Bell test the observers 
are given bounded RFs . Since we are interested in violations of local realism in the transition from quantum to classical RFs, 
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we use the spin coherent states to represent quantum RFs as they are closest to the notion of a classical direction. We find that a 
pair of spin- 1/2 particles exhibits violation of Clauser-Horne-Shimony-Holt (CHSH) inequality already for jup > f • In the case 
of multi-particle Mermin [19] inequalities, even if half of the RFs are of minimal size j^f - 1 /2, and the other half "unbounded" 
(classical), the ratio between the quantum and local realistic bound remains exponential in the number of entangled spins. 
Finally, for the case of two macroscopic spins exhibiting violations of a Bell inequality when classical RFs are available, we 
find that the violation is possible with bounded RFs only if their size is quadratically larger than the size of the spins. Since our 
everyday RFs do not meet this requirement of macroscopically large spins, this suggests an explanation as to why we do not see 
such violations in everyday life. All our results are derived for violations of local realism, but - when applied to different degrees 
of freedom of a single system - they can can be interpreted as contextuaUty proofs as well ifisll . 

I. MEASUREMENT OF RELATIVE DEGREES OF FREEDOM. 

In this work we consider directional RFs. Given a classical, external RF, one can measure the projection of a spin- js particle 
along a specific direction, where the 2 -i- 1 possible outcomes m - - js , . . .,js, correspond to the projectors Tl,„ = \js , '«)( js , ni\. 
Generalizing this we consider bounded RFs by replacing the classical RF by a quantum RF in the form of a coherent state of 
spin jRf. 

Without an external RF, the experimenter can only measure relational degrees of freedom of the particle and the coherent 
state Urf}- The task is thus to estimate the relative angle between them using only rotationally invariant operations. An optimal 
procedure consists in performing the projective measurement onto the subspaces of total spin j of two spins jsj], which can take 
the values j - Ij^f - js\, - ■ ■, Jrf + js ■ When the outcome /' = J/tf + m of total spin is observed, we associate the spin component 
m along the direction of the bounded RF to the system. In this way the spin projection measurement relative to a bounded RF 
simulates the one relative to an unbounded RF. The projectors associated to subspaces of total spin are 

jRF+m 

^jRF+m = ^ Urf + m, m'Xjuf + m, m'\ . 

m'=-jgF-m 

The effective measurement on the system alone is represented by the POVM elements 

= (JRF\nj,r^,n\jRF} ■ (D 

These can be expressed in terms of the Clebsch-Gordan coefficients C^' ''^ ^ :- {i,m\\j\^nii)\j2,m2) and are given by P'!"' - 

m\ mi m Js W7 

Zmsns C^"''^^ JRF-^"' qJrfjs jRF+m \j^^jji^'^i^j^ yi^y Using the asymptotic properties of the Clebsch-Gordan coefficients f2^ it 

Jrf ms iRF+nis Jrf ns jRF+ns 

can be shown that Pff„, — > \js ,in){js ,m\ = Tl,,, when j/tf — > oo. This shows that the relational measurement, with increasingly 
larger bounded RF, tends to the measurement with unbounded RF. 

A more general way to exploit relative degrees of freedom would be to encode information in rotationally invariant subsystems. 
For example, three spin-i particles possess a two-level invariant subsystem in the subspace of total spin i. Thus, one rotationally 
invariant qubit (quantum bit) can be encoded in three physical ones and six spin-^ particles (three for Alice and three for Bob) 
would allow perfect violation of Bell's inequalities with no need of a rotational RF. In this work we do not consider such general 
schemes. Rather, we study the situations in which "system" and "quantum reference frame" are separated - resembling the 
conventional situation in experiments in which "system" and "classical reference frame" are separated. This will allow us to 
investigate quantum features of systems as the bounded quantum reference frames approach the classical limit. 

In the Bell experiment each of the observers chooses between two or more measurement settings, corresponding, for example, 
to measurements of spin components along different directions c?i, ff2,--- In our scenario this choice corresponds to the use of 
coherent states |c?i), |c?2),--- pointing to different directions as RFs. Here is the eigenstate with the maximal eigenvalue of the 
spin component along the direction a, . One possible way to prepare such states is to apply an appropriate rotation to the given 
coherent state IJrf) pointing towards z axis. Since, however, Alice and Bob are assumed to have no RF, we consider the following 
operational realization. In every experimental run a third party (Charlie) sends to both Alice and Bob one coherent state for each 
possible setting, together with the entangled pair to be measured. Each coherent state is prepared along the direction which 
would be chosen when classical RF were used. Having no RF for directions, Alice cannot know the angles of the different 
coherent states, but she can still distinguish between them (for example, Charlie can send them with a short, agreed, time delay), 
then Alice can decide which one to use as a RF, allowing the freedom of choice necessary in a Bell experiment. 

In an alternative implementation, Charlie chooses the setting and sends only the corresponding (one) coherent state. In this 
case no additional resources than those actually used are distributed, but the freedom of choice of the two observers is not strictly 
satisfied. One could think of more complicated schemes for ensuring that (e.g., introducing more agents that share a global RF 
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with Charlie, but are space-hke separated, such that they can perform the settings choice under locality conditions), however, 
in the present work the focus is not on a strict disproof of local realistic theories, but rather on the ability to measure quantum 
correlations under the restriction of bounded RF. 

It is here assumed that the channel between Charlie and the observers is subject to a collective noise, that is to say, all 
the particles sent to one observer undergo the same unknown rotation (but a different rotation occurs in different runs and for 
the different observers), this is important since we want to exploit relative degrees of freedom. Such an assumption could be 
reasonable in some quantum communication schemes. 



11. VIOLATION OF BELL'S INEQUALITIES. 

As a first example we consider a Bell experiment on an entangled pair of spin-1/2 particles with bounded RFs. We will 
determine the minimal size for the spin RFs such that the outcomes can still violate Bell's inequalities. 
We consider the CHSH inequahty iH 

S \E{d,Ji) + EidiJi) + E{d2ji) - EidiJi)] < 2, (2) 

where E(di,^j) is the correlation function for the measurement a, at one laboratory and j^j at the other laboratory. In quantum 
mechanics, for a given state p of the pair, if the first spin is measured along direction a, and the second along 0j, the correlation 
function reads E{di , jSj) — Tr (c?, ■ c?) {pj ■ tr^j. 

In contrast to the standard Bell experiment in which two distant observers possess unbounded RFs, we assume that they can 
only use their coherent states and 1 72)) with respect to which entangled spins can be measured. How large must ji and 72 
be, such that the CHSH inequality is still violated? 

We assume that the pair is in the singlet state ^ — (|z+)|z~) ~ |z~)|z+)). The two observers can choose between two 
measurement settings each, the setting being defined by the direction towards which the RF coherent state is pointing. As 
li/f") is a rotationally invariant state, the only relevant parameter in the correlation function is the relative angle between the 
two pointers. It is more mathematically convenient (but operationally equivalent) to write the state with fixed measurement 
settings and then to apply a rotation of an angle § to one of the particles. The corresponding rotated singlet state is |i^"()?)) = 
l^sin I (|z+)|z+) + |z-)|z-)) + cos | (|z+)|z-) - |z-)|z+))j. If one measures total spin of the joint system of particle and RF at 
the two laboratories, the probabilities of the various outcomes are 



Pmniff) = ^|0'ilO'2Kt/'('?)ll;i + »J,;i + »ii)l;'2+n,;'i + »i2)f , 



where m,n - (i-e. pi liff) is the probability of finding the two particles aligned along and I72) respectively, p_i _i (t?) 

is the probability of finding both anti-aligned, etc). To calculate these one needs the coefficients 

OKz + ||; + m,j + «) = 5„_i(5,„ i , 
S 1 

{i\{z - II; + m,i + n)^ {^>nA + V27^».,-0 ■ 

yj2] + 1 



(3) 



Inserting the probabilities in the definition of the correlation function E^'^-{&) 

1 -4; 172 cos§ 



,^2 ^ one obtains 



(2./1 + l)(2j2 + 1) 



(4) 



In the limit of large ji and j2, Eq. (|4|i becomes the familiar expression E{§) - - cos & for the singlet correlation function with 
unbounded RFs. Note that, differently from the case with classical RFs, we have in (|4|i an offset term before cos j?, such that 
Ej'j-(^) + £'-"-'2()9' + Ti). This implies that the measurement settings which maximize (|2|i are for the relative angle ju in all cases 
except between d^ and y62, for which the angle is |. The RF-dependent CHSH expression then reads 



5(;i,;2) = 2 



1 + 4V2;i;2 



(2;i + 1)(2;2 + D 

It exceeds the local realistic limit of 2 if /i > — . Therefore, for equal RFs, one thus needs at least /i - h- %■ 

2(V2-1)>2-1 ' 1 ' jy Ji. 2 



(5) 
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III. MERMIN INEQUALITIES. 



We explore violation of multi-particle Bell's inequalities with bounded RFs. Consider spin- 1/2 particles (systems 
Si,...,Sn), that are measured along directions ai,...,dN. Each individual measurement can give ±5 as result; a specific 
outcome is thus labeled by a string {jji, . . . ,fiff}, where yu^ = 1 stands for the k-th spin detected aligned with c?^, while 
Hk - -\ represents the spin anti-aligned with Ok- The multiparticle correlation function is defined as £■(£?!,..., (Jai) = 
Si/i,,...,/jA,=±i nf=i f^kP(M\,- ■ ■,IJn', ai,. . . ,a/v), where pijiu .. ai,. . .,0^) is the probability for the outcomes fix,. ..,^f^ 

given the settings a\,. . . , un- 

The Mermin inequality is given by ifTol I22I1 



M 



:= |^cos[^(a;i + ■ ■ ■ + x^Wia,,^, . . . < 2*^2' 



(6) 



,A>=0,1 



Using unbounded RFs the Mermin expression reaches its maximal value of M = 2^ for the Greenberger-Horne-Zeilinger 
(GHZ) state - ■^{®'^^^\z+)st +®^=\\^-)s^ and measurement settings do - X = (|,0) and di - Y = (f,f) for every 
particle. Note that the ratio between maximal quantum and local realistic bound increases exponentially with the number of 
particles: 2 ^- . 

Again, we assume now that the k-\h observer, k - \, ...,N, is given a bounded RF in form of the coherent state \jk}. Each 
of the observers measures along directions do = {§o,(fo) and di = ()?i,(/?i). Rewriting the particles in the GHZ state in terms 



of these directions, we have \t//(di, . . . , dj^)} = -jj= (®f^[|ai;+)si, + ®f=il'?<:~)sA)' where la^i) is the state of a particle after the 
inverse rotation along d^ is applied to \z+). 

As for the two-particle case, in the k-th laboratory the total spin of the joint system k-th particle -1- A:-th RF is measured 
and the outcome is interpreted as the projection of the particle's spin along the RF's direction. After a somewhat lengthy but 
straightforward calculation one obtains the correlation function observed to be: 



E(du 



,aN\]\, 



Jn) 



1 



nf=, dk 

N 



Y\(l + 2jk cos §k) + ~ '^'^^ 

k=\ k=l 



■ cos(^ (fit) Y\ 2jk sin §k 



(7) 



k=l 



k=l 



where dk - 2jk + I. 

Inserting the correlation function Q into the left-hand side of the inequaUty (|6]l we find for the Mermin expression: 



M(ji 



Jk) 



1 



nf=i dk 



V2cos(A^^) + 2^-' Y](2j,) 



k=l 



(8) 



For jk — > CO, this approaches the value 2^ ' when unbounded RFs are used. In the limit of large number of particles, the Mermin 
expression becomes 



N 



(9) 



If all the RFs are of the same size, jk - j'i k, the minimal size of RFs that leads to violation is j - 3/2. One can use, however, 
even fewer resources if one allows spins of different lengths for RFs. If one takes A^i spins of size j\ and N2 of size j2, expression 

(|9]l becomes M » 2^"' ' '^^^ ''^^^ Mermin inequality is violated if 



V2- 



71 



n + 



V2- 



n 



J2 + V 



V2. 



(10) 



As both factors are positive, ( fTOl i can hold only if at least one of the two is larger than 1 , which is equivalent to y, > - 1.21. 

This implies that some of the RFs must have spin size equal to or larger than |. If the parties have A^i spin-| RFs and N2 = N-Ni 
spin-5 RFs, the minimal ratio is ^ = 0.85 for seeing violation. Therefore the minimal resources needed is 85% of spin-| and 
15% of spin-i reference frames. 
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Another interesting case is when a fraction of the RFs is unbounded, which is equivalent to taking the Hmit j2 ^ oo in the 

inequahty (fTOl i. For A^i RFs of size ji and N2 unbounded RFs, it becomes ^ V2j^j > 2^. For ji = 1/2, this is satisfied 

when N2 > A^i + 1, which means that when half of the RFs are unbounded and half are as small as spin- 5, violation of the 
Mermin inequality is still possible. 

Note that in all cases considered - even when using small quantum RFs - the ratio between the quantum and local realistic 
bound is still exponential, as can be easily seen by inserting the results found into the expression (|9]l. However, if a single 
measurement is replaced with a random guess (corresponding mathematically to 71 - 0), the inequality is satisfied. Thus a 
non-trivial RF is required for every observer in order to see nonclassicahty. 



IV. HIGHER SPINS AND THE CLASSICAL LIMIT. 

It was shown in that violation of Bell's inequalities with entangled systems of arbitrarily large dimension is possible. This 
shows that the view that large quantum numbers are associated with the classical limit is, in general, erroneous. We will show 
that to observe violations of local realism for large spins it is necessary to use the RFs of size sufliciently large compared to the 
size of the spins. The scahng of the two sizes is the issue we are interested in. 

Following Peres we consider a pair of spin- js particles in the generalized singlet state: 

1^7, ) , y (- , m)\js , -m). (11) 

and define the parity measurement 



is 

Y, (-'^r-"'n,n , (12) 

i"=-js 

with n,„ - 1/5, m){js, m\ the projectors onto subspaces of the spin component along the z axis. The parity measurement takes 
the value -i-l for all even m , and -1 for all odd m. When the parity operator is defined with respect to spin projection along 
some other direction d, we will speak about parity measurement P'^{a) along this direction. For Alice's measurement along the 
direction a and Bob's along j3, the correlation function is defined as E{d, - (^Fj |P'^(a)®P'^(/6)|*PT^ ). The CHSH inequality Q 
is violated for parity measurements in the singlet state for arbitrarily large spins |6, 23]. 

To consider violation of the inequality with bounded RFs we introduce a coherent state of length jrp for each observer, 
and replace the projectors n„, in ( fT2b with the POVM from Eq. ([T]l. When the measurement setting a - {■&, (f) is cho- 
sen, the coherent state \d} aligned in that direction is used. In the basis of the spin projection along z-axis, it reads 

\a) = \§, (f) = |m)(.^^«4)'^%os^«''+"'(f )sin^'"'"'"(f)e-''"^. The rotated POVM is given by Pff^id) = <a|fl;^^+„,|ff) and 

the corresponding parity operator by P^^''(a) = Em=-)j "'^jj'm('^)- Finally, the RF dependent correlation function reads 

Ejjdj) = <^T^ ipf (^?) ® p';^'0w-j, >■ 

We consider the situation where all the measurement angles are chosen in the same plane ((p = 0), with the first observer 
choosing between settings §1 and §3 and the second between &2 and '&4. Taking d-i - ■d-2 - ^2 - ^1, - "l^T, - = Ai?, the CHSH 
inequality reads S jg,, — \3Ejgp(Aff) - Ejgp(3Aff)\ < 2. For classical reference frames, the angle difference which maximizes S in 
the limit of large spin js is for A§ - jJJTi' ^ ~ 1.054. Note that the angle difference is inversely proportional to the spin 
size. In the case of bounded RFs of finite size jrf it is hard to compute the correlation function analytically, primarily due to 
the presence of a large number of non-trivial Clebsch-Gordan coefficients. As such we evaluate it, and the CHSH expression, 
numerically and illustrate the results in Fig. 1. We see that one needs the size of the RFs to scale at least quadratically with the 
size of entangled spins to observe violation. 

We now give a heuristic argument to support our numerical findings. Consider a coherent state of length j^f pointing in 
a direction (1?, 1^ = 0) and a measurement of spin projection along the z-axis. The probability to obtain outcome m for the 
spin z component obeys a binomial distribution /?(/«) = {lJf+nt)^'''"'^"'(^ ~ iV'"' "', where q - cos^(|). For large juF this is 
approximately a Gaussian centered in jfif cos )? and with variance o"^ = 5 juF &in{§) ~ j^f. It can be visualized as an arrow 
pointing toward )? with an angle uncertainty - ~ / . Using this as a RF it is impossible to distinguish between directions 

at angles closer than this amount. On the other hand, violation of Bell's inequalities requires us to measure setting directions 
at angles that differ at the order of Ad- ~ j^. To achieve this precision one needs ^ < Ai?, which gives the heuristic bound 

juF > js^- Fitting our numerical results with a quadratic law we indeed find the formula jj^f - 6j^ +6 js (Fig. 1). (For higher 
order fits we obtain coefficients close to zero for the powers higher than two). 
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In conclusion, we have shown how a bounded RF limits the ability of entangled systems to exhibit genuine quantum features, 
as characterized by violation of Bell's inequalities. This can be relevant in situations where, to implement quantum information 
tasks, only relational degrees of freedom can be exploited (for example, when the quantum channel is subject to a global noise). 
We focused on the restrictions derived from the lack of a directional RF, considering other restrictions would impose additional 
requirements on the resources needed (see, e.g., [24]). 

Quantum behavior is generally not observed in macroscopic systems. One reason is that an extremely high experimental 
resolution would be required to observe quantum phenomena, larger than what can be practically reached [7]. The quantum 
nature of any physical (i.e. finite) reference frame employed in an experiment gives a fundamental limitation on the maximally 
achievable resolution. Our results set a lower bound on the resources (i.e. the strength of quantum reference frames) needed 
to obtain the resolution that is necessary for observation of quantum features of a system with a given size. For example, a 
small iron magnet can have a magnetic field of around 100 G. Suppose that an entangled state of a pair of spins each with size 
js - - 10^' (jiB is the Bohr magneton) were available and could be sufficiently protected from decoherence. Even in this 

case, according to our analysis, no violation of local realism is possible unless the RFs correspond to magnetic fields at least of 
order 10"* G. This is much larger than what can be generally found in nature (but still not impossible to produce). 

Typically, quantum coherence in a system is quickly lost due to its interaction with the environment, but the coherence is 
preserved in correlations between the system and the environment ll25ll . A possible explanation of why we observe classicality 
of the macroscopic world rather than these quantum correlations is that they have no operational meaning unless a sufficiently 
strong RF is available (cf, e.g., ll26ll ). But in everyday experience such RFs are not available for systems of the size of the 
environment. Our analysis suggests that, for directional RFs, at least a quadratic scaling with the size of the system would be 
required to demonstrate the existence of the quantum correlations. 
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Robert Spekkens. This work was supported by the Austrian Science Foundation FWF within Projects No. P19570-N16, SFB 
and CoQuS No. W1210-N16, the European Commission, Project QAP (No. 015848) and the UK Engineering and Physical 
Sciences Research Council. 
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